Geometrical formulation of classical electromagnetism 
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A general affine connection has enough degrees of freedom to describe the classical gravitational 
and electromagnetic fields in the metric-affine formulation of gravity. The gravitational field is 
represented in the Lagrangian by the symmetric part of the Ricci tensor, while the classical elec- 
tromagnetic field is represented geometrically by the tensor of homothetic curvature. We introduce 
matter as the four-velocity field subject to the kinematical constraint in which the Lagrange mul- 
tiplier represents the energy density. A coupling between the four-velocity and the trace of the 
nonmetricity tensor represents the electric charge density. We show that the simplest metric-affine 
Lagrangian that depends on the Ricci tensor and the tensor of homothetic curvature generates the 
Einstein-Maxwell field equations, while the Bianchi identity gives the Lorentz equation of motion. 
If the four- velocity couples to the torsion vector, the Einstein equations are modified by a term that 
is significant at the Planck scale and may prevent the formation of spacetime singularities. 

PACS numbers: 04.20.Fy, 04.40.Nr, 04.50.Kd 



Introduction. The geometry of general relativity is 
given by a 4D Riemannian manifold, that is, with a 
symmetric metric tensor and an affine connection that 
is torsionless and metric compatible. The electromag- 
netic field and its sources are considered to be on the 
side of the matter tensor in the field equations, acting as 
sources of the gravitational field. In unified field theories, 
the electromagnetic field obtains the geometrical status 
as the gravitational field []J by modifying some postulates 
of general relativity. Weyl relaxed the metric compati- 
bility of the affine connection, obtaining a theory, where 
electromagnetic gauge transformation was related to con- 
formal transformation of the metric [3] ■ Kaluza showed 
that the Lagrangian proportional to the Ricci scalar in a 
5D spacetime yields the Einstein-Maxwell field equations 
and the Lorentz equation of motion [3|. Relaxing the 
symmetry of the connection and metric tensor resulted in 
the Einstein-Straus and Schrodinger nonsymmetric field 
theories HHUst While Kaluza's theory gave rise to later 
models with extra dimensions, the Einstein- Schrodinger 
and Weyl theories turned out to be unphysical [7|. 

In the metric-affine formulation of gravity, both the 
metric and connection are independent variables, and 
the field equations are derived by varyin g th e action 
with respect to these quantities H, IfjL lid]. Pono- 
marev and Obukhov showed that a linear connection, 
not restricted to be metric compatible and symmetric, 
has enough degrees of freedom to describe the gravita- 
tional and electromagnetic fields [ll| . While the gravita- 
tional field is represented by the symmetric part of the 
Ricci tensor, the classical electromagnetic field can be 
represented by the tensor of homothetic curvature [13]. 
The simplest metric-affine Lagrangian that depends on 
both tensors is linear in the Ricci scalar and quadratic 
in the tensor of homothetic curvature, gene rating the 
Einstein-Maxwell equations with sources |lll I X 31 ] repre- 
sented by the hypermomentum density [ldj. The analo- 
gous purely affine Lagrangian was introduced by Ferraris 



and Kijowski [141 ] . The invariance of the action under 
Einstein's A-transformations of the connection corre- 
sponds to gauge invariance in electromagnetism [ll[ . Un- 
like in 0, [f| [a] , where the electromagnetic field is associ- 
ated with the metric, interpreting electromagnetism as a 
part of the affine connection seems more natural. While 
the connection generalizes an ordinary derivative of a 
vector into a coordinate-covariant derivative, the electro- 
magnetic potential generalizes it into a f7(l)-covariant 
derivative. 

The previous unified field theories, except Kaluza's 
theory, did not derive the Lorentz equation of motion 
for charged particles in purely geometrical way from a 
variational principle. In this paper we show that such a 
derivation is possible if we use the Lagrange-multiplier 
method of Taub [l5j |. introducing continuous matter in 
the Lagrangian as the four-velocity field subject to a kine- 
matical constraint. The Lagrange multiplier in this con- 
straint turns out to represent the energy density. Unlike 
in [lij] , we do not regard the four- velocity as a dynamical 
variable; we only vary the metric, the connection, and 
the Lagrange multiplier. We represent the electromag- 
netic field by the tensor of homothetic curvature ll| . 
and the electric charge density as a coupling between 
the four-velocity and the trace of the nonmetricity ten- 
sor. We show that this four-term Lagrangian generates 
the Einstein equations from varying the metric, and the 
Maxwell equations from varying the connection. The 
Bianchi identity applied to the Einstein equations yields 
the Lorentz equation of motion. If the four- velocity cou- 
ples to the torsion vector, the Einstein equations are 
modified by a term that is significant at the Planck scale 
and may prevent the formation of singularities. 

Lagrangian. A general metric-affine Lagrangian den- 
sity C depends on the affine connection T p and the 
curvature tensor, BP ^ = T P v a - T ? a<u + T^r^ - 
Y £ a Y £ v , as well as the symmetric metric tensor g^ v of 
the Lorentzian signature (+, — , — , — ). The antisymmet- 
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ric part of the affine connection is the Cartan torsion 
tensor, = ^\^ v ] ! while its symmetric part can be 

split into the Christoffel symbols, = \g pX {gv\,p + 

9fj,\,f ~ 9iu.v,\), and terms constructed from the torsion 
tensor and the nonmetricity tensor, Np Vp = gp U -p [U[l(J: 
= + $V + 2S^ u) p + - N" M , where 

the semicolon denotes the covariant differentiation with 
respect to T p [l6| . We assume that the dependence 
of C on the curvature is restricted to the contracted cur- 
vature tensors: the Ricci tensor, R^ u — R p 1 , and the 
antisymmetric tensor of homothetic curvature: 



The Lagrangian density that depends on the ten- 
sor of homothetic curvature is an example of such a 
term that is purely geometrical. The tensor Qp V is in- 
variant with respect to projective transformations with 
V v = A,„, where A is a scalar function of the coor- 
dinates (A-transformations) @. The simplest metric- 
affine Lagrangian density that depends on proposed 
by Ponomarev and Obukhov ll|, has the form of the 
Maxwell Lagrangian for the electromagnetic field: 



^ %/ ~g~Qp.uQ^ i 



(•5) 
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(i) 



which has the form of a curl of a vector [H, [12] : Qp.v = 
-l(N p - N p ) 

The simplest metric-affine Lagrangian density that de- 
pends on Rp V is the Einstein-Hilbert Lagrangian density 
for the gravitational field [|| : 



where a is a constant. 

Field equations. We consider the total Lagrangian den- 
sity C = C g + Cq + C m . From the stationarity of the 
action S = J d*xC under arbitrary variations of g pv : 
5S = 0, we obtain the metric-affine Einstein equations: 
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where k = 8nG (c = 1), g pv = \J~-gg llv is the fundamen- 
tal metric density [Bj], and g = det(g flL ,). The total La- 
grangian density for the gravitational field and of matter 



(6) 

where R = Rp V g pv is the Ricci scalar. 

The variation of S with respect to the affine connection 
^ J d^ig^dR^ + h^dQ^ + U^/ST^), 



r p v is 6S 



where the antisymmetric tensor density h 
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-2k 



is given by C g + Cq + C m , where the Lagrangian den- is linear in the tensor of homothetic curvature [H,E 



sity for matter C m depends in general on both the metric 
and connection. The variations of C m with respect to the 
metric and connection define, respectively, the dynami- 



cal energy-momentum tensor T^ v 
hypermomentum density [loj ]: 



-g Sg^ 
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SC m 
ST p ' 

ur n u 



and the 



(3) 



which has the same dimension as the connection. 

The metric-affine theory based on the Lagrangian den- 
sity C g does not determine the connection uniquely 
because C a is invariant under projective transforma- 
tions 0,[n| : 



r p 

{XV 



S p K, 



(4) 



where V v is a vector function of the coordinates. The 
same problem occurs if we add to C g a Lagrangian for 
matter C m that does not depend on the connection, for 
example, representing the electromagnetic field or an 
ideal fluid. Therefore at least four degrees of freedom 
must be constrained to make such a theory consistent 
from a physical point of view [lfj]. If, however, C m does 
depend on the connection, for example, for spinor fields, 
the projective invariance of C g + C m imposes four alge- 
braic constraints on LT^ and restricts forms of matter 
that can be described by metric-affine gravity 17]. Con- 
sequently, we must add to C g + C m a term that is not 
projectively invariant, so the total Lagrangian density 
will be projectively invariant. 



(7) 



The variation of the Ricci tensor is given by the Palatini 
formula 0, 0: SR^ = «T„% - ST^ - 1S%JT P G . 
Using the identity / d A x(W)- if , = 2j d 4 xS fl V> 1 , where V 
is an arbitrary vector density and 5 M = S v „ v is the tor- 
sion vector, from the stationarity of the action under ar- 
bitrary variations of T P we obtain 
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Contracting the indices fi and p in Eq. 
Maxwell-Minkowski-like equation: 



J 



(8) 

gives the 



(9) 



with the source represented by the trace of the hypermo- 
mentum density: 



J 



-nV- 

8 ff 



(10) 



Since the tensor density h pi/ is antisymmetric, the cur- 
rent vector density (fTU|) is conserved: j* 1 = 0, which 
constrains how the connection r ? can enter the metric- 
affine Lagrangian density for matter C m : IF a v „ = 0. 

If the field-part of the Lagrangian does not depend 
on Q^y (or other geometrical quantities beside the affine 
connection and the symmetrized Ricci tensor), the field 
equation (JS|) becomes a stronger, algebraic constraint on 
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how the matter-part of the Lagrangian depends on the 
connection: W a v — 0, which restricts forms of matter 
that can be described by the metric-affine formulation 
of gravity [l(J 17|. The dependence of a metric-affine 



Lagrangian on the tensor of homothetic curvature Q^ v 
replaces this unphysical constraint with the field equa- 
tion for \\P V . If this dependence is given by (O, the field 
equation from varying the affine connection has the form 
of the Maxwell equations. 



The tensor R 



is invariant under an infinitesimal 



projective transformation (01 : ST P 



6PSV V . Under the 

P 



same transformation, the tensor Q pv changes according 
to Q^ u — > Q^ u + 4((5K iM - SV^ V ). Consequently, the ac- 
tion changes according to SS = — J d 4 x(HP V 6T p + 
WSQ^) = -i / d 4 x{W^ + 8h"" J<5^. This expres- 
sion is identically zero due to the field equation ©, so, 
although C m and Cq are not projectively invariant, the 
total action is. 

Electromagnetism. The formal similarity between the 
tensor of homothetic curvature and the electromag- 
netic field tensor F M „ = A u ^ ~ A M: „ (both tensors are 
curls) su gges ts that they are proportional to one an- 
other [m^ii: 



-F u 



(11) 



Accordingly, the trace of the nonmetricity tensor is pro- 
portional to the electromagnetic four-potential A^: 



(12) 



The A-transformation of the connection is thus a geo- 
metrical representation of the gauge transformation of 



the electro mag netic potential: 



A,. 



with 



4> = -4?aA Eqs. 0, J9]) and dUJ), and the Maxwell 
equations: FP V .„ — f , where the colon denotes the co- 
variant differentiation with respect to relate the 
electromagnetic current vector j v to the trace of the hy- 
permomentum density j": 



J 



(13) 



Associating Q^ v with F^ v allows us to interpret the 
electromagnetic field as the field whose purpose is to re- 
move the unphysical algebraic constraint on the hyper- 
momentum density in metric-affine gravity. The reason 
for the appearance of i in Eqs. (JTTJ) and (TT2"j) is to assure 
the covariant derivative, containing the nonmetricity ten- 
sor (which is a part of the connection) , coincide with the 
covariant derivative of the U(l) gauge symmetry, con- 
taining the electromagnetic term ieA p (h = 1). Eq. (fT2|) 
indicates that a is inverse proportional to the charge of 
the electron. We can show, using the coupling of the 
affine connection to spinors in the tetrad formalism [l9| , 
that a = ±- [H. 



Solution of field equations. Eq. ([8]) is equivalent to 



x a po > 

- -IEV^ 

3 p 



T v aP a — *V a aP v 

1 (T po 



p (TC 



a pc 



where *T? 



r p 



\5 p p S v is the projectively invari- 
ant part of the affine connection (Schrodinger's star- 
affinity) 

Substituting Eqs. © and dTUJ) to HU) gives a linear 
relation between *Y p and the hypermomentum density 
n^". If we decompose the star-affinity T M P „ as 13j: 



T p = \ p i + V p 

fj, V VpU i 1 pV 1 



(15) 



where V p pl/ is a projectively invariant deflection tensor, 
then the general solution for V? is given by [l3| (cf. 
also [HI]): 




A a 8 p-y 
7 g^gvpg^ 



(16) 

p 

lTT CT (P-X^ anH Q P" = TT [m v] - iT^" " ] u 

P p 3 <T P 

^IL^ a ^ 5 p . For the connection given by Eq. p3|) . the 
Ricci tensor is quadratic in U p [L2J, that is, in HP p : 



1 V Q @ „ V*P v 

2 L p 5a/35 M 1 ^ p 



ts [vxlA + 2V p[v . p] + v\ v yp ap - v°, n vp„ 



pp v ov 1 

where R^fy is the Riemannian Ricci tensor constructed 
from the connection T£ v = Substituting R^ IV to 

the symmetrized Eq. ([6]) and moving the terms with V p pv 
to the right-hand side gives the metric Einstein equations. 
The Ricci scalar is: 

r = r 9 + v» aip - v p p° a + v°\yp ap - v aXp vp°\ (17) 

where R g — R^lg a ^ is the Riemannian curvature scalar. 
The tensor of homothetic curvature is = 
-%(S u ,n - S^y) + V p piyp - V p pp ul which, because of 
Eq. pT|) . relates the complex torsion vector to the electro- 
magnetic potential and the trace of the deflection tensor: 



*-!(-£ +v v 



(18) 



If there are no sources (IP. 1 ' = 0), the connection de- 
pends only on g^ representing the gravitational field, 
and the torsion vector Su proportional to A^ [2lj . 

Matter Lagrangian and equation of motion. We regard 
matter as the four-velocity field u M = ^f- that enters the 
Lagrangian in a kinematical constraint parametrizing the 
length of a world line s [IH : 



r 



!)• 



(19) 



However, unlike in [15j . we do not treat the four- velocity 
as a variable with respect to which the total action is 
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varied. The dynamical variables are: the metric tensor, 
the affine connection, and the Lagrange multiplier A. 

We also assume that the four-velocity field couples to 
a geometrical vector. First, we consider that couples 
to the trace of the nonmetricity tensor N p pfl : 



-gkN p 



(20) 



where k is a coupling strength. If we associate k with 
— if-pe, where p e is the electric charge density, Eq. ([2T)]) . 
because of Eq. (fTTj) , reproduces the electromagnetic cou- 
pling ~ p e ApU p . For the total matter Lagrangian C m = 
C u + Cn, Eq. ([3]) gives the hypermomentum density 



(21) 



which, using Eqs. (fT0|) and (fl"3]) . agrees with f — p e u v . 
Substituting Eq. [pi] ) to ([l6 | gives V p plJ = 0. Therefore, 
using Eqs. @ and (jTTJ) , we obtain the general-relativistic 
C g = — 2k V — 9- The torsion vector (fT8j) is proportional 
to the electromagnetic potential: 5„ = — §^A„ (2l] |. 

Varying the total action corresponding to the sum 
of: dU), ©, (HU), and with respect to g^ v and A, 

and then using u^u^ = 1, give 



^ UV 



-2KupU p 



A^jv) + -g^A p j p , 



(22) 



where = RpfJ — \R g g^ v is the Einstein tensor. 

Therefore the Lagrange multiplier A represents the en- 
ergy density p m for matter in the form of a pressureless 
perfect fluid: 



(23) 



The Bianchi identity: G pv . v = 0, yields the covari- 
ant conservation of the total energy-momentum tensor 
given by the right-hand side of Eq. ([22]) . Neglecting 
the terms with A^jv (which corresponds to regarding a 
fluid as an ensemble of non-interacting particles [l6|]), 
and using Eqs. 0, ([9]), ([11]), ([13]), and $23}), we obtain 
p m u v u p . v — p e F pv u v , or, since 2 s - = ^, the Lorentz 
equation of motion for a test particle of mass m and 



charge q: 



qF pv u v . 



We now consider that u p 
vector: 



couples to the the torsion 



(24) 



Eq. {3]) for the total matter Lagrangian C m = C u + Cs 
gives the hypermomentum density 

IP/ = 2Ks/=g~k8 { fu v] , 



P — —"v »'««p •* 3 (25) 
and, using Eqs. (fTTTj) and ([IB"]) , the current vector 

3i 



8a 



ku v . 



(26) 



Thus the coupling k is now related to p e via fc 
Substituting Eq. ([25 ]) to ([T6 ]l gives V%, = (3c?, 
2u( M (5^), which, after putting into Eqs. ([2]) and (fT7)) . 
yields 



3 ^ e 



r ^9 i 



3nk 2 



-g- 



(27) 



The torsion vector ()18|) becomes a linear combination 
of the electromagnetic potential and the electromagnetic 
current: S v — — -§^A V + ^^ju, turning the Lagrangian 
density ([24]) into 



(28) 



Varying the total action corresponding to the sum 
of: ©, CED), (EZI, and |2SJ, with respect to and A, 
and then using u^Up — 1, give 

K~ l G^ v = -a 2 i^-Q pa Q pa g pv - QppQJ^ + 2Au fl u iy 

1 3 
~ A {n3v) + -j9p.v A pf + -^nk 2 (2upu u + g^). (29) 



This equation differs from Eq. ([22]) by the last term that 
represents a perfect fluid with a negative energy den- 

2 

sity p n = — (since k is imaginary), where n — £f is 
on the order of the charged-particle concentration, and 
the equation of state p = — Even for matter com- 
posing white dwarfs (p m ~ 10 6 g/cm 3 ) p n is negligible: 
Pn/Pm ~ 10 -44 . Therefore the Bianchi identity leads 
again to the Lorentz equation. If n is at the Planck scale, 
the total energy density does not satisfy the strong energy 
condition, which may prevent the formation of classical 
spacetime singularities. 

Discussion. For a linear connection, not restricted to 
be metric compatible and symmetric, there are five pos- 
sible modifications of the Maxwell equations: g vp F V p. v — 

3» F V = if. FV % = i M ' 9 vp F^, P = J M > and the met- 
rically modified g vp F V p. v = j n [22j. The experimentally 
confirmed conservation laws of electric charge and mag- 
netic flux indicate that the last possibility, which also 
results from the differential-form and metric-free formu- 
lations of electrodynamics, is physical (23[. Regarding 
the tensor of homothetic curvature as the geometrical 
quantity representing the electromagnetic field tensor in 
the metric-affine gravity, and using the simplest form of 
the Lagrangian that depends of the tensor of homothetic 
curvature, automatically lead to the metrically modified 
Maxwell equations, supporting geometrization of electro- 
magnetism. 

In the presence of the gravitational field we correct the 
derivative by introducing the affine connection, while in 
the presence of the electromagnetic field we introduce the 
electromagnetic potential. Therefore it seems natural to 
assume that the electromagnetic potential is related to 
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the connection [11| rather than the metric as in earlier 
unified field theories 0,1113. 

The presented geometrical formulation of classical elec- 
tromagnetism predicts two new phenomena that distin- 
guish it from the Einstein-Maxwell theory. First, if we 
assume that the four-velocity couples to the torsion vec- 
tor, the energy density at extremely high particle con- 
centrations becomes negative which may prevent the for- 
mation of singularities. This possibility will be studied 
elsewhere. Second, the coupling between spinors and the 
electromagnetic field represented by the tensor of homo- 
thetic curvature gives, as in theories where torsion cou- 
ples to spin, the Heisen berg-Iv anenko equation instead of 
the Dirac equation ll|, ]1 
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